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21 CENTRE OF GRAVITY

Centre of gravity of a body can be defined as the point through which resultant of .l'c-)rcc of
gravity or weight of the body acts. A body is having only one centre of gravity for all positions of
the body. It is normally denoted by G or CG or g or cg.

22 CENTROID

Plane figures such as square, rectangle, circle, triangle, quadrilateral, etc., have only areas,
but no mass. The point at which the total area of a plane figure is assumed to be concentrated is
known as the centroid of that area (or) the centre of area of such figures is known as centroid. The
centroid is denoted by G or CG or g or cg. The centroid and centre of gravity are at the same point.

23 DIFFERENCE BETWEEN CENTRE OF GRAVITY AND
CENTROID

The following are the differences between centre of gravity and centroid :

(i) The term centre of gravity applies to bodies with mass and weight, and centroid applies to
plane areas.

(i) Centre of gravity of a body is a point through which the resultant gravitational force or weight
acts for any orientation of the body, whereas centroid is a point in a plane area such that the
moment of area about any axis through that point is zero.

24 METHODS OF FINDING CENTRE OF GRAVITY OF SIMPLE FIGURES
The following are the methods to find out the centre of gravity of simple figures.
(1) By geometrical considerations
(i) By moments
(i) By graphical method

25 CENTREOF GRAVITY BY GEOMETRIC CONSIDERATIONS

CG of Rectangle, Triangle, Circle, Semi-circle, Trapezium and Cone

Centre of gravity of simple figures such as square, rectangle, triangle, circle, trapezium etc.,
can be found out from the geometry of the figure.
(i) CG of Rectangle

The centre of gravity (G) of a rectangle is at the point, where its diagonals meet each other.

It is also the point of intersection of the lines joining the middle points of the opposite sides. It is
shown in Fig. 2.1(a).
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; b —
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d=b
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i d/2 b/2
\— Centroid f=-b/2-={ A Centroid
b = Length of longer-side ; d = Length of shorter side b = d = Length of side
(a) Rectangle (b) Square
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(ii) CG of Square

The centre of gravity (G) of a square is at the point, where its diagonals meet each other. It is
also the point of intersection of the lines joining the middle points of the opposite sides. It is shown

in Fig. 2.1(b).
(ili) CG of Triangle

The centre of gravity(G) of a triangle lies at the point where the three medians of the triangle
meet. It is shown in Fig. 2.1(c). The line connecting the vertex and the middle point of the opposite
side of a triangle is known as median of the triangle.
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Medians o
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\—Centroid

h = Height of triangle
(c) Triangle

r=d/2 |
T
o~
oS
- G
A
Centroid
d = Diameter of circle ; ¥ = Radius of circle
(d) Circle

(iv) CG of Circle

The centre of gravity(G) of a circle lies at its centre. It is shown in Fig. 2.1(d).

(v) CG of Semi-circle

The centre of gravity (G) of a semi-circle is at a distance of 4r/3x from its base, measured
along the vertical radius. It is shown in Fig. 2.1(e).

Centroid

ar

—_—
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- d

r = Radius of semi circle
d = Diameter of semi circle

(e) Semi-circle

(vi) CG of Trapezium

hb-2a g
s(b:a)/ \_1

/N

f | b |

b = Length of bottom side

a = Length of top side

h = Height of trapezium
(f) Trapezium

The centre of gravity(G) of a trapezium with parallel side 'a' and '#' is at a distance of

3 b+a

h b+ 2a
[— = ( )] from the bottom side ''. & is the height of trapezium or the perpendicular distance

between the two parallel sides. It is shown in Fig. 2.1(f).
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(vii) CG of Cone
The centre of gravity (G) of a right circular solid cone is at a distance of 4/4 from its base,

measured along the vertical axis. It is shown in Fig. 2.1(g).

(viii) CG of hemi-sphere
The centre of gravity (G) of a hemi-sphere is at a distance of 3/8 from its base, measured

along the vertical radius. It is shown in Fig. 2.1(h).

—_ ——
- ~~
1

h/4

f v (h) Hemi-sphere e

(g) Cone h = Height of cone r = Radius of hemi-sphere

Fig. 2.1

2.6 CENTRE OF GRAVITY OF PLANE FIGURES BY THE METHOD OF MOMENTS

Plane geometrical figures such as T-section, v
I-section, L-section, etc., have only areas and their 3
masses are negligible. Hence their weights are
neglected while calculating the centre of gravity. G ::'

Consider a plane figure of total area ‘4’ whose x, ’
centroid is to be determined. Divide the total area ‘A’ Area a;
into number of small areas whose centroids are
known as shown in Fig. 2.2. Let a, a, a...., etc be
the small areasandg, g,, g,,..... etc be their centroids
respectively. v Area a,

Let, ' Y:Ys

Total area 4 = a, hiay ias i

x, = Perpendicular distance between centroid
of area a, and the axis OY X—5 ' X

x, = Perpendicular distance between the Y Fig. 2.2
centroid of area a, and the axis OY

x, = Perpendicular distance between the centroid of area a, and the axis OY and so on

¥, = Perpendicular distance between the centroid of area a, and the axis OX

¥, = Perpendicular distance between the centroid of area a, and the axis OX

¥, = Perpendicular distance between the centroid of area a, and the axis OX and so on.

Let G is the centroid of the total area A whose perpendicular distance from the axis OY is x

LA
\\\\

and from the axis OX is ;'
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Sum of moments of all small areas about axis OY = a.x, + ax, + ax,+..=Yyax -—(i)

Moment of total area about axis OY = Ax - (i)

Sum of moments of all small areas about the axis OY must be equal to the moment of total
area about the axis OY.

Hence equating the equations (i) and (ii), we get
Ax =ax +ax,+ax + ..

-— a'xl + azxz + ajx; oooooo :
x = q ,whercA=al+az+aJ+_,,=Za

; ar S

L.€., X Za

Similarly,
Sum of moment of all small areas about axis OX'= ay, + ay,+ay +..=Yay - (iv)

== (ii1)

Moment of total arca about axis OX = A; === (V)

Sum of moments of all small arcas about the axis OX must be equal to the moment of total
arca about the axis OX,

Hence equating the equations (iv) and (v), we get,
Ay = ay, +ay, + ay, + ...
- G+ ay,+ayy...

y " y "”.whcrc/l=al+a,+a,+...=za - (vi)

2.7 CENTRE OF GRAVITY OF SYMMETRICAL SECTIONS

(1) Centroid of Area Symmetric about an Axis

The centroid will lie on the axis of symmetry, if a plane area has an axis of symmetry. Here
the first moment of area about an axis of symmetry is zero. In such a case, only either x or ¥
distance need to be calculated. In Fig. 2.3(a), x-axis is the axis of symmetry and hence centroid G

will lic on that axis. Here only x distance has to be calculated, as centroid ‘G lies on the axis of
symmetry. In Fig. 2.3(b), y-axis is the axis of symmetry and hence centroid ‘G’ will lie on that axis.

Here only y distance has to be calculated, as centroid ‘G', lies on the axis of symmetry.

5
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AXIS OT
1Y symmetry Y

I
Axis of lG:
! symmetry X—-m—- -¢.,._[._.x

b & sl - —

....I_.jY iY

(a) (b)
Fig. 2.3 : Area with one axis of symmetry

(i) Centroid of Area Symmetric about Two Axes

The centroid G lies at the intersection of the two axes of symmetry, if a plane area has two

axes of symmetry. The centroid ‘G" of such an area can be located by inspection [Fig. 2.4(a) and
(b)]. Here the first moment of area about both the axes will be zero.
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The centre of gravity (CG) of a body is always calculated with reference to some
assumed axis known as Axis of Reference.

2.8 IMPORTANT POINTS TO REMEMBER

(i) The centre of gravity of a body is always calculated with reference to some assumed axis
known as reference axis. Reference axis is the axis about which the moments of areas are
taken.

(i) For calculating y, the bottom most line of the figure is taken as the reference axis.

(iii) Similarly, for calculating x, the extreme left end line is taken as the reference axis.

(iv) Ifthe section is symmetrical about X — X axis, then only x distance has to be calculated, since
centroid G lies on the axis of symmetry.

(v) Similarly, if the section is symmetrical about Y - Y axis, then only}—’ distance has to be calculated,
since centroid G lies on the axis of symmetry.

PROBLEMS
P1

Determine the centroid of a 120 mm x 150 mm x 30 mm T-section.

Solution : The T-section is shown in Fig. 2.6 and it is symmetrical about ¥ — Y axis. As the centroid
G lies on the axis of symmetry, only y distance has to be calculated. The given T-section is split up

into two rectangles ABCD and EFHI as shown in Fig. 2.6. G, and G, are the centroids of these
two rectangles respectively. Let the bottom edge IH be the reference axis.

Y _ Axis of symmetry

e
|
Flange - A 140 B 1
Dy L G, 30
D E i F C T
k |
| A | I
Gl
‘ 150
i3 yeors
Web
L \
I !‘H .
Y \Reference axis
All dimensions in mm
Fig. 2.6
(i) Flange ABCD

Area of rectangle ABCD, a, = 120 x 30 = 3600 mm?
Distance between centroid G, of rectangle ABCD and reference axis IH,

30
y, = 150—7 =135 mm



(ii) Web EFHI
Area of rectangle EFHI, a,= (150 —30) x 30 = 3600 mm’
Distance between centroid G, of rectangle EFHI and reference axis IH,

150 - 30
Py —2——=60mm

Total area, 4 = a, + a,= 3600 + 3600 = 7200 mm?

Sum of moments of individual areas about reference axis /-

;,:

Total area
+
_antay, _ (3600 x 135) + (3600 x 60) o
A 7200

Therefore centroid G of the T-section is at a distance of 97.5 mm from reference axis IH
(i.e., bottom edge /H) and lies on the Y — Y axis.

P2

Find the moment of inertia about the centroidal axis X — X and Y - Y of the T-section
160 mm wide and 160 mm deep. The flange and web thickness is 50 mm each.

Solution :
(i) Centroid (G) of the T-section
The T-section is shown in Fig. 2.25 and it is symmetrical about ¥ — Y axis. As centroid G lies

on the axis of symmetry, only y distance has to be calculated. The given T-section is split up into

two rectangles (1) and (2) as shown in Fig. 2.25. Let the bottom edge AA of the web be the
reference axis. G, and G, are the centroid of rectangles (1) and (2) respectively.

Y  Axis of symmetry

L~
Flange \ @ ) — 5O 1 "

| =—9%0 g=1024

(? Web

A

Y \Reference axis AA
All dimensions in mm

Rectangle (1)
Area of rectangle (1), a, =160 x 50 =28000 mm?

5
Distance between G, and reference axis 44, y, = 160 — i 135 mm

Rectangle 2) t
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.. Distance between centroid G of T-section and reference axis 44,

_ ay,+ay, (8000 x135)+ (5500 x 55)
Y= a+a, 8000 + 5500

= 102.4 mm

P3

Find the centroid of a T section of size Flange 120 X 20 mm, and Web 120 X 20
mm.

Solution :

(i) Centroid of the T-section |
The T-section is shown in Fig. 2.29 and it is symmetrical about Y — Y axis. As centroid G lies
on the axis of symmetry, only y distance has to be calculated. The given T-section is split up into

two rectangles (1) and (2) as shown in Fig. 2.29. Let the bottom edge A4 of the web be the
reference axis. G, and G, are the centroid of rectangles (1) and (2) respectively.

L/Axis of symmetry
i_._.—-—120_..
Flange ;
" © g 20
i
X 9} -------------- X
G.
: 120
@| web 1
| L~
ALl |A 1
Y \Ft&ference axis AA

All dimensions in mm
Fig. 2.29

Rectangle (1) :
Area of rectangle (1), @, = 120 x 20 = 2400 mm*

20
Distance between G, and reference axis 44, y, = 120 + — = 130 mm

2
Rectangle (2) :
Area of rectangle (2), a, = 20 x 120 = 2400 mm?
) 120
Distance between G, and reference axis 44, y, = -5 = 60 mm

Distance between centroid G of the T-section and the reference axis A4,
antay, (2400 x 130) + (2400 x 60)

w = S T



P4

Find the centre of gravity (centroid) of the I-section having top flange 100 mm x 30 mm,

web 200 mm x 30 mm and bottom flange 200 mm x 60 mm.
Solution :

The I-section is shown in Fi lg 2.5 and it is symmetrical about Y — Y axis. As the centroid G lies

on the axis of symmetry, only y distance has to be calculated. The given I- sectlon is split up into
three rectangles ABCD, EFHI and JKLM as shown in Fig. 2.5. G,, G, and G, are the centroids of

these three rectangles respectively. Let the bottom edge ML be the refcrcnce axis.

Y Axis of Symment
bz 12 ym Ty

Top A
flange 4G, it 30

(i) Top ﬂaﬁgc ABCD
Area of rectangle ABCD, a, = 100 x 30 = 3000 mm?
Distance between centroid G, of rectangle ABCD and reference axis ML,
30
, = 60+200+? =275 mm
(ii) Web EFHI
Arca of rectangle EFHI, a, = 200 % 30 = 6000 mm?
Distance between centroid G, of rectangle EFHI and reference axis ML,

200
Jps-m 60+T=l60mm

(iii) Bottom flange JKLM
Area of rectangle JKLM, a, = 200 x 60 = 12000 mm?
Distance between centroid G, of rectangle JKLM and reference axis ML,
60

A el Y R X | ) WAL



Total area, 4 = a, + a, + a,= 3000 + 6000 + 12000 = 21000 mm?

- Sum of moments of individual arcas about reference axis ML
Y Total arca

- N TGN ay,
A
(3000 x 275) + (6000 x 160) + (12000 x 30)
21000

Therefore centroid G of the I-section is at a distance of 102,14 mm from reference axis ML
(i.e., bottom edge ML) and lies on the Y - Y axis.

=102.14 mm

P5

Find the centre of gravity (centroid) of a channel section of size 100 mm % 80 mm x 10 mm.
Solution : The channel section is shown in Fig. 2.7 and it is symmetrical about X — X axis. As the

centroid G lies on the axis of symmetry, only x distance has to be calculated. The given channel
section is split into three rectangles ABCD, DEFH and HIJK as shown in Fig. 2.7. G,, G,and G,

are the centroid of these three rectangles respectively. Let the lefl extreme edge AK be the reference
axis.

Reference axis forx |

W : |
_BQ' i )
2

R | 10
E | 3
~{ 10 |~ :Y
G i
X .100..L....’-T._.t§ ........ X
. |
[
7=50 t
F_| I
H |
R | -G, 10
L : - ‘
| | 80 i
Tw28.3 e
I Y

All dimensions in mm

(i) Rectangle ABCD
Area of rectangle ABCD, a, = 80 x 10 = 800 mm?
Distance between centroid G, of rectangle ABCD and reference axis AK,

80

X, = — =40 mm



(ii) Rectangle DEFH
Area of rectangle DEFH, a, = (100 - 10 - 10) x 10 = 800 mm’
Distance between centroid G, of rectangle DEFH and reference axis 4K,

10
> ? =5mm
(iii) Rectangle HIJK J
Area of rectangle HIJK, a, = 80 x 10 = 800 mm?

Distance between centroid G, of rectangle HIJK and reference axis AK,

80
x, = ? =40 mm
Total area, 4 = al+az+a,=800+800+800=2400m!n2
'= Sum of moments of individual areas about reference axis AKX _ aX, + a,X, + a;x,
Total area A
(800 x 40) + (800 x 5) + (800 x 40)
2400
Therefore centroid G of the channel section is at a distance of 28.3 mm from reference axis
AK (i.e., left edge AK) and lies on the X - X axis.

4

=28.3 mm

P6
Find the centre of gravity of an unequal angle section 150 mm x 100 mm x 10 mm.

Solution : The angle section is shown in Fig. 2.8 and it is not symmetrical about any axis. Therefore
find out both the values of x and Y. For x, left extreme edge AH is the reference axis and for J,

bottom edge HF is the reference axis. Split the given angle section into two rectangles ABCD and
DEFH as shown in Fig. 2.8. G, and G, are the centroids of these two rectangles respectively.

Area of rectangle ABCD,  a, = (150-10) x 10 = 1400 mm?
Area of rectangle DEFH,  a, = 100 x 10=1000 mm?

For x :
Distance between centroid G, of rectangle ABCD and left edge AH,
10
x, = xS 5 mm
Distance between centroid G, of rectangle DEFH and left edge AH,
100
X = E L 50 mm

Let x be the distance of centroid G of the angle section from left edge AH

. — _ Sum of moments of individual areas about reference axis AH (i.e., left edge AH)
g Total area

_ax;+ax, (1400 x 5) + (1000 x 50)
- Y - 2400

=23.75 mm



Reference axis for x

t A B |
|
!
!
!
G|
150 iG
X+—-—1—-4—F-—- s -X
!
48.75 ! l
P E
D C
'Gz 10
: H 1 F . ’1
Ref is for y | 180 !
eference axis for y I——-r=23.7&-—-,
¥ All dimensions in mm
Fig. 2.8

Distance between centroid G, of rectangle DEFH and bottom edge HF,

10
¥ = —2-=5mm

Let y be the distance of centroid G of the angle section from bottom edge HF

Sum of moments of individual areas about reference axis HF (i.e., bottom edge HF)
Total area

ay +ay, (1400 x 80) + (1000 x 5)
4 2400

Therefore centroid G of the angle section is 23.75 mm from left edge AH and
48.75 mm from bottom edge HF.

55

=48.75 mm

P7
Find the centroid of Lamina as shown in figure.
1 je——i00m —
20 |
I 20mm
140mm — -——
20mm J

Fieo 2 1S



Solution :

1
| —— ;-JD-_L _________________
i T 0-<c
D - X, — -
s0mm ' :
-
iy I ) y,=170 mm
B o e K-
'
1
]
I y,=90 nu
: 100 mm I
glsLl - F
n—————x,slthnPn———’:-O)-—--»--L_ -i
% H : G N i
- 80mm——-i‘<— 120 mm ‘—’I y,=10 mm

Y Fig. 2.16

As the section is unsymmetrical about any axis. Take the reference line x - x and
y -y as shown in fig. 2.16

(i) Rectangle 1. (ABCD)
a =100 x 20 = 2000 mm?

x, =50 mm
y, =170 mm
(ii) Rectangle 2. (CIEJ)
a, =140 x20= 2800 mm’
x, =90 mm |
y, = 90 mm

(iii) Rectangle 3. (EFGH)
a, =120 x20=2400 mm’

X, =80+ 60= 140 mm

Y, = 10 mm
a|1,+a212 +-ﬂ.313
S a,+a,+a,
_ (2000 50) +(2800x90) + (2400 140)
2000+ 2800+ 2400
— _ 688000
* 7 9200



a,y, +a,y, + asy;

“« |

a, +a, +a,
. (2000x170) + (2800x90) + (2400x10)
2000 + 2800 + 2400
. — _ 616000
e 4 7200
= 85.55 mm

. Centroid of a sectionis x =95.55 mmand y=85.55 mm Ans.

X, = /v nun
3= 70 mm
(i) Rectangle 3. (EFGH) 2 =80 x20= 1600 mm’
X, = 100 mm
y3 = |0 mm
_  a;x;+3;Xy +3;X3
X T a,+a;+a;
(1600x40)+(2000x70)+(1600x‘00)
= l6m+2m0+1600
364000
~ 5200

. x =70mm Ans.
a,y, +2,¥2 +33¥;3

v a, +a, + 4,
(1600x130) + (2000x 70) + (1600x10)
- 1600+ 2000 + 1600

364000
5200
.y =70 mm Ans.
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P8 Find the centroid of given lamina.

o) I5mm je—

] 100 mm

Solution :

Taking the reference line x-x and y-y as shown in fig.2.20 and divide the lamina as
ABCD, DEFH (Rectangles) and GHI (Triangle).

(i) Rectangle 1. , =100 15 = 1500 mm?
X, =15/2=7.5 mm
y, =50 mm | \1
(ii) Triangle 2. a, =1/2x 25x60=750mm* 5 yOF
X, = 15 +(25/3)= 23.33 mm

60
b 10+-3-= 30 mm
(iii) Rectangle 3. a, =45x 10 =450 mm’

45
X; = 15+—2—= 37.5 mm

v =5mm



a.x. "'azx: +8383

> |

a, +a,+a,

(1500x7.5) + (750% 23.33) + (450x 37.5)

1500+ 750+ 450

45622.5
2700

> |

=1689mm An

a,y, +a,y, +asys

y = a, +a, +a,

(1500 50) + (750x30) + (450%5)

1500 +

L. 99750
- ¥ 2700

Problem 2.9. Find the centroid of a lamina.

R40 mm

100 mm

f¢——— 80 mm —+

17
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750+ 450

= 36.94 mm Ans.

1)

100 mm

D f+——80'mm —¢

AYd



The lamina is symmetrical about y-

y-yasshowninfig2 2l and x =
AEB and (3) Circle.

1) Rectangle ABCD

axis, therefore, the reference lines are x-x and
0. Divide the fig. into (1) Rectangle ABCD (2) Semicircle

a, =100 x 80 = 8000 mm?

Y, =50 mm
2) Semicircle AEB

T’—za/l'd? a, =1/2nx40*=2513.17 mm

4x40 B
¥ = lOO+( In )= 116.97 mm \45,,(
2
3) Circle AdT 5, = B2~ 31406 mme
4 Y, = 100 mm
- _ Ay, tay, —a,y,
Y7 a,+a,-a,
_ (8000x50) +(2513.17x116.97) - (314.16x100)
- 8000 +2513.17 -314.16
. - _ 662549.50
" Y T 1019901

"~y =6496mm Ans..

P 10 Find the centroid of plane figure as shown in figure.

All dimensions are in mm

— p —
T T
B 7
1
|
|
I
|
1 ST 410 k20 —410 L‘.
10
Tl
|
[
30
i
i 10;_
T

The plane is not-symmetrical about any axis, and the reference lines are showyp
above. The plane is divided into 1) Rectangle ABCD and 2) Rectangle EFGH.

1) Rectangle a, =80x 100 = 8000 mm’
X, = 40 mm
y. =50 mm



80 mm S—

100N o s asassmimanlel s

(n

T
W

AlP— X, —

| @———-" x, ————"

Y Fig. 2.26

2) Rectangle a, =30Xx20 =600 mm’
X, =50 +20/Z = 60 mm
y, =10+ 30/2=25 mm
. a,X, —a,x,
- (a, -a,)
_ (8000x40) - (600x 60)
= (8000 - 600)
284000
o 7400
S x =3838mm Ans.
- = a,y, —-a,y,
(a, -a,)
- (80mx50)—(600x25)
(8000-600)

_ 385000 .
7400 _°2mm  Ans,

<

mall_ . & - (i
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P11 Find the centroid of plane figure as shown in figure.

|«—— 40mm o
i \
I
40mm

L L

fo— 50mm——e |

Fig. 2.29
Solution : v
[ 50mm 1
l*—— 40mm —‘l"lo ...... B
_r E @) : T s
20mm
F "l.—
60mm ) 60mm
40mm
X

D =
pP—— s0 — 4 C

1. Rectangle ABCD :

Areaa, =60 X 50 = 3000 mm?

X, =25 mm
Y, =30 mm
2. Triangle BEF :
a, = -;—bh
1
= —10x20
2
= 100 mm?
10

43 33 mm



P12

20

= 66.66 mm

K X

a, —a,

(3000x25)—(100x43.33)

3000-100

24 36 mm Ans.

8,y —82¥;
a, —a,

(3000x30) — (100x66.66)

3000—-100

= 28.73 mm Ans.

Find the centroid of plane figure as shown in figure.

Solution :

o

200 mnr

S T T —

080 mm

b - - -




Let us divide the given section into (1) square ABCD and (1) A circle

i) Square ABCD : ‘a, =200 x 200
= 40000 mm'2
X, = 100 mm
y, =100 mm
2 2
i) Circle : 4 w20 X80
1 4 - 4
= 5026.54 mm?
X, =150 mm
y, =150 mm
= 4,X, —a,X,
= a,—a,
(40000x100) —(5026.54x<150)
- (40000 —-5026.54)
=928l mm Ans.
L - Ay —a,Y,
S a,—a,

(40000 % 100) — (5026.54 x150)
= (40000 —5026.54)

=0281 mm Ans.
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29 MOMENT OF INERTIA

Moment of area about an axis is the product of the area and the perpendicular distance
between CG (centre of gravity) of the area and the axis. It is known as first moment of area. If the
moment of area is again multiplied by the perpendicular distance between the CG of the area and
the axis, then the quantity is known as moment of the moment of area or second moment of area.
This second moment of area is known as moment of inertia about that axis.

Hence, moment of inertia of an area about an axis is the product of the area and the square of
the perpendicular distance between the CG of the area and that axis. It is represented by I. Moment
of inertia about X — X axis is represented by /,, and about Y — Y axis is represented by /,,. The units
of moment of inertia depends upon the unit of area and its CG's perpendicular dnstancc If both are
in metre, then the unit of moment of inertia is m* and if both are in millimetre, then the unit of
moment of inertia is mm®*. Sometimes, instead of area, mass of a body or figure is taken into

account.

2.10 MOMENT OF INERTIA OF A PLANE FIGURE OR LAMINA OR AREA

A plane figure or lamina of total area A is shown in Fig. 2.9.
Divide the total area A4 into number of small areas whose centroids are known as shown in
Fig. 2.9. Let a,, a,, a,, etc., be the small areas and 8, & &, eic., be their centroids respectively.
Consider one of these strips (i.e., first strip).
Let, a, = Area of this trip
g, = CG of area a,
x, = Perpendicular distance between the CG of area a, and the axis QY
y, = Perpendicular distance between the CG of area a, and the axis OX
Now, Moment of inertia (MI) = Area x (Perpendicular distance between
the CG of area and the given axis)?

X—5
Y Fig. 2.9

Moment of inertia of the first strip about X — X axis = a y?
Moment of inertia of the first strip about ¥ - ¥ axis = ax,*
Similarly, for the second strip, MI about X — X axis = a,y,’and MI about Y - Y axis = ax,’and

SO On.
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Moment of inertia of the whole area about X — X axis

L ="ay2 ¥ay? v ayt U = ¥ o’
Also, I, = I y'dA | where dA = Area of the elemental strip
Moment of inertia of the whole area about Y - Y axis,

l,, =ax?+ax!+ax?+..=Y a?
Also, I, = Ix’ dA where dA = Area of the elemental strip

211 THEOREMS OF MOMENTS OF INERTIA
There are two theorems in moments of inertia. They are :
(1) Perpendicular axis theorem
(1) Parallel axis theorem.

(i) Perpendicular Axis Theorem

Perpendicular axis theorem states, "The moment of inertia about an axis perpendicular to the
plane and passing through the intersection of the other two axes X — X and ¥ — Y contained by the
plane is equal to the sum of moments of inertia about X — Xand ¥ - ¥ ".

ie, I/, and 1,, be the moments of inertia of a plane section 1
about two mutually perpendicular axes X ~ X and ¥ - Y Total area A
intersecting at O in the plane of the section, then the moment of
inertia of the section 1,, about the axis Z - Z, perpendicular or
normal to the plane of section and passing through the intersection = .
of X~ Xand Y- Yaxes (i.e., passing through O) is given by ‘
’ r v
I, =1 +1I, / |
X0

(ii) Parallel Axis Theorem

Parallel axis theorem states, "The moment of inertia of a plane area with reSpegt to any axis
parallel to the centroidal axis in the plane of area is equal to the moment of inertia with respect to
the centroidal axis plus the product of area of the figure and the square of the distance between the
axes".

Let I, = Moment of inertia of an area about centroidal axis
/,, = Moment of inertia of the same area about an axis AB
which is parallel to the centroidal axis

a = Area of the section
h = Perpendicular distance between the centroidal axis and the axis AB
BAPUJI POLYTECHNIC, SHABANUR, DAVANGERE



Let according to parallel axis theorem, / = 1zt ol

X — X = Centroidal axis in the plane of lamina

AB = An axis in the plane of lamina and parallel to centroidal axis X - X

h = Perpendicular distance between the centroidal axis X — X and the
axis AB

A = Total area of the lamina

Elemental area dA

B
according to parallel axis theorem, /,, = /. + ah?

212 MOMENT OF INERTIA OF ARECTANGULAR SECTION

() Moment of inertia of rectangular section about an axis X— X passing
through CG of the section

X
c)l---—t}—---l(;r
bd’ -
r.r I e e I -
e d/2 !
4 e
x—--»-—-L-L ----- -d—X
! i
_ v’ L i
o =5 a1 i
' d§
/ : B
Moment of inertia of a hollow rectangular section T
S |, : -
P e G,-___‘
k) 3 g y LS, y =8 .
T =32 _% .1, (s0-0a") 2
X% 12 12 12 o i <,
pDB® db® | 3 ) X ~/——‘— ~ < +d-D—x
* S . - — w— DB—db £ /
Similartyfyy, = —=- = 5= 73 ) ’ -
25 A : /,.
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215 MOMENT OF INERTIA ABOUT CG FOR I-SECTION, T-SECTION,
L-SECTION AND CHANNEL SECTION
The moment of inertia about CG for [-section, T-section, L-section and channel sections may
be found out as per the following steps. i
(1) Split up the given section into simple plane areas (i.e., rectangles).
(1)) Find the CG of the section.

(1) Find the MI of each plane area (i.e., rectangular plane) about their centres of gravity (i.e.,
about G, G,, G, etc.).

(iv) Using parallel axis theorem, transfer all these moment of inertia about the CG of the given
section. [i.e., about X — X or ¥ - Y axis passing through the CG of the given section).
e, L=I,+ah?; L=1,+ah?; I,= I, + ah?; and so on.
I,, 1, I, etc. = Ml of rectangular section 1, 2, 3, etc.. about X —Xor Y- Yaxis passing through
the CG of the given section.

Ios Iy 1, etc = MI of rectangular section 1, 2, 3, etc., about an axis passing through its
centre of gravity (i.e., G,, G,, G,, etc) and parallel to X — X or Y- Y axis

a, a, a, etc. = Area of rectangular sections 1, 2, 3, etc.

h, h, h,, etc. = Perpendicular distance between the X - Xor ¥ - Y axis and the centre of
gravity of the rectangular section (i.e., G, G, G, etc)

(v) Algebraic sum of the MI of the rectangular sections 1, 2, 3, etc., is the moment of inertia of the
given section about X - X or Y - Y axis passing through CG.

Le., /=1 +1 +1 +etc, ; Iis either Iorl, .

26
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ASSIGNMENT -2
Q 1. Define centre of gravity, centroid.
Q 2. List the methods of finding Centre of gravity of simple figures.

Q 3. Locate the CG FOR Rectangle, Square, Triangle, Circle,Semicircle,
Trapezium, Cone and hemisphere.

Q 4. Define Moment of Inertia.
Q 5, State Parallel Axis Theorem and Perpendicular Axis Theorem.

+

All the solved problems from this chapter.



